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Abstract
In the paper we will prove that each t-Wright convex function, which is bounded
above on a D-measurable non-Haar meager set is continuous. Our paper refers to
papers [9], [4] and a problem posed by K. Baron and R. Ger.
1 Introduction
In 1972 J.P.R. Christensen defined Haar null sets in an abelian Polish group (which are
also called Christensen zero sets) in such a way that in a locally compact group it is
equivalent to the notion of Haar measure zero sets. P. Fischer and Z. S lodkowski [3] used
his idea to define Christensen measurable sets and Christensen measurable functions.
It is well known (see [1, Theorem 2], [6, Example 6.2]) that 0 ∈ int (A − A) for each
Christensen measurable nonzero set A in an abelian Polish group X , as well as there is a
Christensen measurable nonzero set A ⊂ X such that int (A + A) = ∅. In fact it means
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that in an abelian Polish group the Steinhaus theorem holds, but a generalization of the
Steinhaus theorem doesn’t hold.
In 2013 U.B. Darji introduced another family of ”small” sets in an abelian Polish
group X , which is equivalent to the notion of meager sets in a locally compact group; he
called a set A ⊂ X Haar meager if there is a Borel set B ⊂ X with A ⊂ B, a compact
metric space K and a continuous function f : K → X such that f−1(B + x) is meager
in K for all x ∈ X . He also proved that the family of all Haar meager sets is a σ-ideal.
In [4] we introduced the definition of D-measurable sets and showed that the family
of all D-measurable sets is a σ-algebra. Moreover, we proved that this family has two
important properties analogous two the family of Christensen measurable sets:
• 0 ∈ int (A−A) for each D-measurable non-Haar meager set A ⊂ X ,
• there is a D-measurable non-Haar meager set A ⊂ X such that int (A+A) = ∅,
i.e. the Piccard theorem holds and a generalized Piccard’s theorem doesn’t hold in an
abelian Polish group.
That is why we can say that the notation of D-measurability is a topological analog
of Christensen measurability in an abelian Polish group (not necessary locally compact).
During the 21st International Symposium on Functional Equations (1983, Konolfin-
gen, Switzerland) K. Baron and R. Ger posed the following problem:
Does each Jensen convex function bounded above on a nonzero Christensen measurable
set have to be continuous?
In 2013 A. Olbrys´ [9] answered the question. More precisely, he proved that for
a nonempty convex open subset D of a real linear Polish space each t-Wright convex
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function f : D → R, i.e. function satisfying the following condition
∧
x,y∈D
f(tx+ (1− t)y) + f((1− t)x+ ty) ≤ f(x) + f(y)
with a fixed number t ∈ (0, 1), bounded above on a nonzero Christensen measurable set
T ⊂ D has to be continuous. Consequently, taking t = 1
2
we obtain this result for Jensen
convex functions.
Here we will show that this theorem has its topological analog; i.e. each t-Wright
convex function f : D → R bounded above on a non-Haar meager D-measurable set
T ⊂ D is continuous.
Let us mention that there are also known another conditions implying the continuity
and convexity of t-Wright convex functions such as lower semicontinuity [8], continuity
at one point [5], [8], Baire or Lebesgue masurability [7]-[8].
2 The main result
Let X be a real linear Polish space. First let us recall some necessary definitions and
theorems on D-measurability from [2] and [4].
Definition 1. [2, Definition 2.1], [4, Definition 1] A set A ⊂ X is Haar meager if there
is a Borel set B ⊂ X with A ⊂ B, a compact metric space K and a continuous function
f : K → X such that f−1(B + x) is meager in K for all x ∈ X . A set A ⊂ X is
D-measurable if A = B ∪M for a Haar meager set M ⊂ X and a Borel set B ⊂ X .
Definition 2. [4, Definition 2] Let X be an abelian Polish group and Y be a topological
space. A mapping f : X → Y is a D-measurable function if f−1(U) ∈ D in X for each
open set U ⊂ Y .
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Theorem 1. [2, Theorem 2.9] The family HM of all Haar meager sets is a σ–ideal.
Theorem 2. [4, Theorem 6] The family D of all D-measurable sets is a σ–algebra.
Theorem 3. [4, Theorem 2] If A ∈ D \ HM, then 0 ∈ int (A−A).
To prove the announced theorem we need two lemmas, which are analogous to
Lemma 5 and Lemma 6 from [9].
Lemma 1. Let A ∈ D \ HM and x ∈ X \ {0}. Then there exist a Borel set B ⊂ A
such that the set k−1x (B+ z) is non-meager with the Baire property in R for each z ∈ X,
where kx : R→ X is given by kx(α) = αx.
Proof. Since A ∈ D \ HM, A = B ∪M , where B is a Borel non-Haar meager set and
M is Haar meager. Since B is not Haar meager, for every compact metric space K and
continuous function g : K → X there is a y ∈ X such that g−1(B + y) is non-meager
in K. In particular, let K = [a, b] be a closed interval in R and gx := kx|K . Then there
is a yx ∈ X such that the set g−1x (B + yx) is not meager in [a, b] and, consequently,
g−1x (B + yx) is not meager in R, too. Moreover,
k−1x (B + yx) ⊃ k
−1
x (B + yx) ∩ [a, b] = g
−1
x (B + yx),
so the set k−1x (B+yx) is not meager in R. Clearly, kx is linear, one-to-one and continuous.
Hence, for each z ∈ X ,
k−1x (B + yx) + k
−1
x (z − yx) ⊂ k
−1
x (B + z).
Thus the set k−1x (B + z) is not meager in R. Since B is a Borel set, so does k
−1
x (B + z).
Whence k−1x (B + z) has the Baire property, what ends the proof.
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To prove the second lemma we need two definitions from [3]:
Definition 3. [3, Definition 4] A set V ⊂ X is said to be midpoint convex if
v1 + v2
2
∈ V for every v1, v2 ∈ V.
Definition 4. [3, Definition 5] Let V ⊂ X and denote
Q2 = {
n
2m
: n,m ∈ Z}.
An x0 ∈ V is said to be a Q2-internal point of V if for every x ∈ X there exists an εx > 0
such that x0 + ρx ∈ V for each ρ ∈ Q2 ∩ (−ε, ε).
Lemma 2. Let D ⊂ X be a nonempty convex open set. Let V ⊂ D be D-measurable
midpoint convex set. Then the set of all Q2-internal points of V is open.
Proof. Let x0 be a Q2-internal point of V and U := (V − x0)∩ (−V + x0). Clearly, U is
symmetric with respect to the origin, D-measurable, midpoint convex and the origin is
a Q2-internal point of U . Hence
⋃
∞
n=1 2
nU = X and thus, by Theorem 1, the set 2kU is
not Haar meager for some k ∈ N. This implies that U is not Haar meager, too.
Indeed, define φ : X → X as follows:
φ(x) = 2kx for x ∈ X.
We will show that φ(M) is Haar meager for each Haar meager set M ∈ X .
So, for Haar meager M there exist a compact metric space K0 and a continuous
function f0 : K0 → X such that f
−1
0
(x +M) is meager in K0 for each x ∈ X . Define
g0 := φ ◦ f0. Then, for each y ∈ X , we have
g−1
0
(y + φ(M)) = g−1
0
(
2k
( y
2k
+M
))
= f−1
0
(
φ−1
(
2k
( y
2k
+M
)))
= f−1
0
( y
2k
+M
)
.
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It means that the set g−1
0
(y + φ(M)) is meager in K0 and, consequently, φ(M) is Haar
meager.
In this way we obtain that U is not Haar meager. But U is D-measurable, so U =
B ∪ M , where B is a Borel non-Haar meager set and M is Haar meager. Thus, in
view of Theorem 3, 0 ∈ int (U − U). But U is symmetric with respect to the origin, so
U − U = 2U and hence U is a neighborhod of the origin. Moreover, x0 + U ⊂ V , what
ends the proof.
Now, we can prove the main result.
Theorem 4. Let D ⊂ X be a nonempty convex open set. Each t-Wright convex function
f : D → R bounded above on a non-Haar meager D-measurable set T ⊂ D is continuous.
In view of Theorem 1 and Theorem 2, the proof of the above theorem runs in the
same way as the proof of Theorem 8 in [9]; it is enough to replace
[9, Lemma 5] by Lemma 1,
[9, Lemma 6] by Lemma 2,
[9, Theorem 5] by [9, Theorem 4].
Corollary 1. Let D ⊂ X be a nonempty convex open set. Each Jensen convex function
f : D → R bounded above on a non-Haar meager D-measurable set T ⊂ D is continuous.
Next, in the same way as Theorem 10 in [9], we obtain
Theorem 5. Let D ⊂ X be a nonempty convex open set. Let f : D → R be a t-Wright
convex function. If there exists a D-measurable function g : D → R such that
∧
x∈D
f(x) ≤ g(x),
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then f is continuous.
References
[1] J.P.R. Christensen, On sets of Haar measure zero in abelian Polish groups, Israel J.
Math. 13 (1972), 255-260.
[2] U.B. Darji, On Haar meager sets, Topology and its Applications 160 (2013), 2396-
2400.
[3] P. Fischer, Z. S lodkowski, Christensen zero sets and measurable convex functions,
Proc. Amer. Math.Soc. 79 (1980), 449-453.
[4] E. Jab lon´ska, Some analogies between Haar meager sets and Haar
null sets in abelian Polish groups, J. Math. Anal. Appl. (2014),
http://dx.doi.org/10.1016/j.jmaa.2014.08.005.
[5] Z. Kominek, A continuity result on t-Wright convex functions, Publ. Math. Debrecen
63 (2003), 213-219.
[6] E. Matous˘kova´, L. Zaj´ıc˘ek, Second order differentiability and Lipschitz smooth points
of convex functionals, Czechoslovak Mathematical Journal 48 (1998), 617-640.
[7] A. Olbrys´, On the measurability and the Baire property of t-Wright convex functions,
Aequationes Math. 68 (2004), 28-37.
[8] A. Olbrys´, Some conditions implying the continuity of t-Wright convex functions,
Publ. Math. Debrecen 68 (2006), 401-418.
7
[9] A. Olbrys´,On the boundedness, Christensen measurability and continuity of t-Wright
convex functions, Acta Math. Hungar. 141 (2013), 68-77.
Department of Mathematics
Rzeszo´w University of Technology
Powstan´co´w Warszawy 12
35-959 Rzeszo´w
POLAND
e-mail: elizapie@prz.edu.pl
8
